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Abstract

Deformed single particle energies obtained by averaging agpticle-core Hamiltonian with a pro-
jected spherical basis depend on a deformation parameter @nan arbitrary constant de ning the
canonical transformation relating the collective quadrupole coordinates and momenta with the bo-
son operators. When the mentioned basis describes the simgparticle motion of either protons
or neutrons the parameters involved are isospin dependentAn algorithm for xing these param-
eters is formulated and then applied for 194 isotopes coverg a good part of the nuclide chart.
Relation with the Nilsson deformed basis is pointed out in tems of deformation dependence of the
corresponding single particle energies as well as of the nieon densities and their symmetries. The
proposed projected spherical basis provides an e cient tobfor the description of spherical and

deformed nuclei in a uni ed fashion.

PACS numbers: 21.60.Ev, 21.60.Cs,21.10.-k,21.10.Gv



. INTRODUCTION

Nuclear structure formalisms describe the spectroscopicgmerties either in terms of
single particle degrees of freedom [1{8] or by using phenaméogical collective coordinates
[9{22]. Many attempts have been made to de ne the collectiveariables in terms of particle
motion. The accuracy in treating a many body Hamiltonian dep&ds on the single particle
basis which is used. For example the essential features oétbeformed nuclei cannot be
described with a spherical single particle basis. The shapéthe mean eld which de nes
the single particle motion should be consistent with the ndear shape. In this context we
should stress on the usefulness of the bases provided by thésdon model or the deformed
Woods Saxon interaction. Using a deformed single particle $ia in a many body treatment
like, Hartree-Bogoliubov procedure, quasiparticle randormphase approximation (QRPA),
higher QRPA methods, nally one obtains deformed many bodyuhctions and energies.
Further the deformed wave functions are used to calculate e elements describing various
physical processes. Since the experimental data which acelie described are obtained in
the laboratory frame, the rotational symmetries have to beastored [23{37]. The angular
momentum projection from a many body state is not an easy taslonly few complicated
codes being available. To simplify the projection operatiothe variational principle is used
to nd the energies of the ground band states. This approxinteon has the drawback that for
high angular momentum where the angular momentum uctuatio is large, the description
is of course unrealistic. Moreover, it is di cult to extend the procedure to the excited bands.

About two decades ago, one of the authors (A. A. R.) proposed, irolaboration, an
alternative way to describe the deformed nuclear system)|3 Indeed, a projected spherical
single particle basis has been constructed which allows faruni ed description of spher-
ical and deformed nuclei. It is amazing that although the prected single particle states
have good rotational symmetry, the matrix elements of partie operators incorporate the
deformation via a deformed core which is described by an akyasymmetric coherent state
de ned with one component of the quadrupole boson. Many intesting properties have
been described in several papers and moreover the basis hasrbsuccessfully used to treat
various processes.

However nowhere the involved parameters were discussed inyatematic manner and

moreover a con dent algorithm to x them is not yet available. Also, it is interesting to see



whether this basis can be related in some way to the one yiettlby the Nilsson model. Of
course one expects to depict certain ngerprints of defornian also in the nucleon density.

The above mentioned issues will be considered in next Sengoas follows: In Section
Il, the projected spherical Nilsson's states and the correspding single particle energies
are de ned. A projected spherical particle-core basis istioduced in Section IIl. Therein
one proves that such a basis could be used as a basis in the #&tspace. The connection
with the projected Nilsson's basis is discussed both numeally and analytically. The tting
procedure of the parameters involved is described in detam Section IV.

Numerical results regarding the tting procedure are givenn Section V for 194 isotopes.
Here we also compare the nucleon densities yielded by the mipd spherical and Nilsson's

bases. The nal conclusions are drawn in Section VI.

II.  PROJECTED NILSSON BASIS

To describe the single-particle motion in deformed nucleine usually use a quadrupole
deformed mean- eld which is simulated by an anisotropic hamonic oscillator potential.
Such a potential can be understood as the average eld desing the motion of a particle
around an ellipsoidal core. Therefore the shell model Hanohian is replaced by,
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where the cylindrical coordinates are used. The deformaticof the spherical equipotential
surface to an ellipsoidal shape is performed with the resttion that the enclosed volume is
preserved. This condition is automatically satis ed by fewparametrizations of the frequen-

cies , and ,. The one adopted here:
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is di erent from that used by the Nilsson model [3],
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which is actually the rst order approximation of (2.2). Our choice is justi ed by the fact
that in the former case the oscillator frequency is the sames an the spherical limit, while

the latter case requires a renormalization through a deforation dependent term. Note that
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the deforma&ion parameter can be linked to the more popular deformation through the
H — 45
relation = 2 .
With the parametrization (2.2), the Hamiltonian (2.1) can berewritten as:

Hpiisson = ~! o % C+r® 4 %vlr% \or®Y,, + Cr s+ DT (2.4)
where one used the stretched coordinateg= P T with = Mo gnd the notations:
1 2
Vi = 1+Z 2+ 2 3 (2.5)
r 3 3
- 2 2 2 .
Vo, = 53 7 7 (2.6)

The eigenvalues of this Hamiltonian, obtained by diagonabtion, depend on deformation
and so does the eigenstates:
- - X . - -
| = Cyij ()INT i (2.7)
N;Lj
Here is the projection of the single-particle angular mometum j on z axis, is the
parity while N = 2n+ | with n and | being the principal quantum number and the orbital
angular momentum, respectively. For a given the solutions provided by diagonalization
are labeled by the completeness quantum number If one neglects the N = 2 interaction
matrix elements, then the eigenstates are
- . X . . -
IN i = C; ()Nl i (2.8)
]
Finally, projecting out the angular momentum from the statede ned above, one recovers
the spherical shell model statgNlj i. Therefore, in the angular momentum projected
Nilsson model the single-particle energies are given by theagonal matrix elements of the

Hamiltonian (2.4) corresponding to the projected statefNIlj i,

"N = NI jHyisson jNj ir -
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nj IS the spherical shell model single-particle energy.
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. THE PROJECTED PARTICLE-CORE PRODUCT BASIS

The mean eld that de nes the single-particle motion approxmates the interaction of a
single particle with the rest of the particles which can be agnilated with a phenomenological
core. Supposing that the spherical limit of the mean eld ishe spherical shell model single-

particle Hamiltonian Hsy , the particle-core Hamiltonian is de ned as:

X X
Hpc = Heore + Hsy m! ng Y (3.1)
=0;2 =
where
X
Heore = !'p @2' 0 (3.2)

is a harmonic quadrupole boson Hamiltonian associated wittheé phenomenological core.
The particle-core interaction represented by the last terpdepends on the nuclear deforma-
tion through the monopole and quadrupole shape coordinatesyo and 9. The latter ones
are related to the boson operators, de ning the harmonic oscillation of the core, through

a canonical transformation h

i
Z:p%bw()bz; (3.3)

which is de ned up to an arbitrary constant k, at our disposal. The restriction of volume

conservation provides a relation between the monopole andagirupole coordinates:

1 X
0= Pe= o i?; (3.4)
whose boson representation is
h i)
1 X !
0= P S+ 2y + B +b b () (3.5)

Averaging Hyc on the eigenstategnljm i of Hsy one obtains a deformed boson Hamiltonian

whose ground state is described by a coherent state:
o= &t *)jgiy; (36)

where j0iy, is the vacuum state of the boson operators, whilé is a real parameter which
simulates the nuclear deformation. On the other hand, the avage ofH . with 4 is a single
particle Hamiltonian, similar to that of the Nilsson model [3]

|0
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#
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where the stretched coordinates are used. Indeed, extramifrom the above Hamiltonian

the zero point deformation energy

. 5~ or@_
Ll!mo(H mt  Hswm) = ETEE (3.8)
one arrives to a more recognizable form:
!
p _ .
2d 1
Hmf =1 bd2+ HSM ~I Orm TYZQ 2k 2d2 . (39)

We note that the deformed terms involved in the Nilsson model hhailtonian and the mean

eld Hq are identical provided the following equation holds:

d_ .
Py (3.10)

One recovers the original Nilsson Hamiltonian [3]:
HNiIsson ( ) = HSM ~! Oroz Y 20- (3-11)

if in (3.9) one ignores the constant terms i.e., those whichr@independent of the particle
coordinates. Concluding, once the coordinates associatedone of the particle-core factor
functions are frozen, the rotational symmetry is broken and mean eld for the motion of
the unfrozen degree of freedom is obtained. We may use the meeald to de ne a new
single particle basis which could be further involved in a nrmy body calculation. Since the
measured data have the symmetries speci c to laboratory fnae, we have to project out the
good angular momentum from the many body state, which as a ntat of fact is not an easy
task.

Our proposal was [39] to treat the particle-core system, wdh is rotationally invariant,
with the projected states:

(@) = NPy, Dnljl i ] (3.12)
which form a basis for the particle-core space. Note that thenprojected particle-core state
involved in (3.12) is a product function of the eigenstatesfddsy and miljm jHygjnljm i |
respectively. In this way we assume that the deformation isacried only by the core. At
this level the single particle factor state preserves the tational symmetry, the deformation
of the single particle motion being determined due to the ietraction with the core. The
tensorial form of this state,

X h i ;h [
W o@= Nl N gnii (3.13)
J



is often used for analytical calculations. Here we used thetation
= Ny7Piio g (3.14)

for the angular momentum projected coherent state, which ihe ground band model state

in the CSM model [19, 20]. The norm of this state

h i,
NO =i +1)1Pe ¢, (3.15)

as well as the corresponding matrix elements of any boson yabmial are expressed in terms

of the overlap integrals:
Z

) dkl(o) © 1
17 = dek 17 (x) = o Py(y)e **2Wdy; x= d* (3.16)

where P; (y) denotes the Legendre polynomial of rand. These integrals have been ana-

lytically calculated in Refs.[19, 20]. Knowing the norm oftte core projected state, one can

write down the norm of the total particle-core state (3.12) a

X . 2N i

NS S= Ch NP (3.17)
J

We mention the fact that the limit of ! whend! 0 exists even though the norms
(3.17) forj = 1, in the same limit, are indeterminate. Besides the orthogatity and other
properties discussed in Refs.[39, 41], one of the most imaoit property of the basis (3.12)
is that for vanishing deformationd it recovers the full spherical shell model basis described
by the product state jnljM ij Oip.

In general, i.e. for any deformation parameter, this basislthough de ned in the particle-
core space, can be used as a single particle basis. This asserns hinging on the fact that
when a matrix element of a particle-like operator is calcuked, one integrates rst on core's
coordinates which results in generating a deformation oféhmatrix element corresponding to
the spherical shell model state. An example on this line cenas the single particle energies,
which compared with those of projected Nilsson model prowbat the deformation induced

in this process is the appropriate one.

A. Energies

Since the core contribution does not depend on the singlerpele quantum numbers,

the single-particle energies of the mean eld de ned by thegsticle-core Hamiltonian (3.1)

7



are given in the rst order of perturbation by the average oH,. Hcoe On the projected

single-patrticle basis (3.12):

":ﬂj = nlj i ()] (Hpc Hcore)J nlj (d)i o_
3 5 d 2
=" o N+3 =ClGCIg, =~
2 3
P j1J (1)
3 Ciio IJ d?
"‘!0 N+— 91"‘ 2—d2+P 4k2: (318)
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Given the fact that the basis (3.12) recovers the sphericahall model basis in the vibrational
limit, the corresponding single-particle energies (3.18)ave also to reproduce the spherical

shell model energy in the limit ofd! 0. However the limit

3 5 1 1 -
H nl —_n H |
dhm =Tt Nv g vl It ()

4k2; j 61, (3.19)

is di erent from "; by the 1=k? term in the above equation which is actually a measure
of the so calledzero point energy The deviation is however very small due to the constant
k whose usual value varies around 10. However, at highorbitals the correction becomes
sizable and a split of the energy correction over the quantunumberl , shows up at vanishing
deformation. In order to avoid this one must normalize the sgle-particle energies (3.18) by
extracting a zero point deformation energy given by the coection term from (3.19). Thus,

the normalized single-particle energies are expressed as
r— p

3 5 d 2
IIIan (d1 k) = "nlj ~lo N+ i 4_C|J§{ legl +
22 5
3 CjIJ I(1) d2
4y N+2 Q1+ o
2 P il 2|(0) 4k?2
J I 10 J
3 . 1 : 1
~l 5 N+E j |+§1 () e (3.20)

Apart from deformation parameterd these single-particle energies depend on the canonical
transformation constantk which can be xed by tting a collective observable as will be
shown in the next section. The dependence on the deformatiofthe proton and neutron
single-particle energies (3.20) for a xed value & is presented in Fig. 1. The shell model
parameters and used there are taken from Ref.[15] and correspond to the mefp of

the rare earth nuclei.
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FIG. 1. Proton and neutron single-particle energies in the egion of N = 5 and N

respectively, given by Eq.(3.20) where the shell model pamaeters = 0:0637 and 0:60 for

protons and = 0:42 for neutrons were used. The canonical transformation catant is xed to

k = 10.

Few words about the role of the constank are necessary. The plots of Fig. 1 are sensible
to the variation of k. Indeed, increasing the energy curves approach straight lines. One can
say that k plays the role of a scaling parameter. Indeed, the leadingrte in deformation
depend on the quantity d=k rather on the deformation alone. This is also true for the
guadratic term, because the ratio of the overlap integralsia fractional quantity and thus
a scalable one, at least in the extreme limits of vibrationand asymptotic regimes..

The averages (3.20) can be viewed as approximations of thagie-particle energies in
the deformed Nilsson orbits. As a matter of fact these are veryose to the single-particle
energies (2.9) of the projected Nilsson model. In order to cpare the two models one must

rst relate the nuclear deformation with deformation paraneter d de ning the coherent state

(3.6). By equating the leading deformation terms of both expssions for the single-particle



energies, one arrives at the relation:
r

7
= % 3 i (3.21)

~la

where , and , can be expressed either in or nuclear deformations. The dependence
of the above ratio on the nuclear deformation is shown in Fig. 2, where it is also compared
with the linear correspondence (3.10). It is worth to mentio that the linear dependence is
a fairly good approximation even for large values of. Another interesting feature seen in
Fig.2 is that the relation (3.21) is not symmetric when the gjin of is changed. Indeed, for

higher values of the deviation from linearity is bigger for negative values.
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FIG. 2. The ratio d=k given as function of the nuclear deformation according to the linear

dependence (3.10) and the more complex one given by Eq.(321

In virtue of the correspondence (3.21), one can rewrite novad single-particle energies

(3.20) as function of the nuclear deformation as

nl k _ ~I N + 3 CJZJ C]2] ( '2) 3) +
nlj( k) = nlj 0 2 1ol ~1ol ™ 37
P 2o
3 G 1y (2 3)2
~lo N+ - §1+ =) '

90

. 2
i 0)
3 G 1y

3 1 .
~lg N+Z j 1+21 I
0 5 J > ()

1 .
8k 2

(3.22)
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These energies can be directly compared to those obtainedhie framework of the projected
Nilsson model, due to the dependence on the same deformati@riable. This is done in
Fig.3 for protons and Fig.4 for neutrons. The similarity bewveen the two model single-
particle energies is obvious. There are of course some deaces, mainly in large deformation
regime. The projected Nilsson model energies are more benaththe energies provided by
Eq.(3.22). In the dependence on the deformation parametdrof the latter, the canonical
transformation constant k was responsible for the degree of the lines' bending. However
the energy dependence on the nuclear deformationas given in (3.22), is almost insensible
to the variation of k. It is worth mentioning that for a chosen nucleus and a givenalue
of , the last occupied single-particle states in the two model$i er from each other due
to the small displacement of the level crossing. This is an portant di erence between the

two approaches, given the fact that the valence nucleons plan important role in many

phenomena.
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FIG. 3. The proton single-particle energies (2.9) of the prgected Nilsson model (left) are compared
with those provided by Eq.(3.22) with k = 10 (right). The shell model parameters are the same as

in Fig.1.
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FIG. 4: The neutron single-particle energies (2.9) of the pojected Nilsson model (left) are compared
with those provided by Eq.(3.22) with k = 10 (right). The shell model parameters are the same as

in Fig.1.

Concluding, the projected spherical single particle andgected Nilsson model bases pro-
vide similar single particle energies. Small di erences aneoticed for very large deformations
where the Nilsson model energy curves are more bent. Also,tliat region of deformation
some di erences in the level crossings may occur. This in turgenerates di erences in lling
up the last occupied states which might be important for tleoproperties determined mainly

by the valence nucleons.

B. Nucleon density function

Another property of the spherical projected single-parti@ basis is the distribution of
the nucleons on the states associated to the energies (3.20) the previous subsection one
showed the similarity of these single-particle energiestivithose of the projected Nilsson

model. However, the quantum numbers indexing the states areé efent in the two cases.
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From the comparison of the two schemes it is obvious that ther@jection | of the spherical
projected single-particle basis (3.12) plays the role of ¢h quantum number from the
Nilsson model, and moreover have the same domain of valuessifles the double degeneracy
coming from theK and K invariance common to both sets of quantum numbers, the state
of basis (3.12) are alsol2+1 degenerate with respect tdV . Even if degeneracies are di erent
in the two cases, the number of nucleons distributed on a statndexed byl or should be
the same, i.e. two. This desire is accomplished by insertingthe expression of the particle
density function, a statistical factor which re ects the ocupation probability of a substate
M: X ,

A= ST (d) ° (3.23)
nljiM

Using the tensorial form of the projected particle-core stat(3.13), and replacing the product

of the projected core states and their corresponding compleonjugates by their scalar
product, one obtains: X
M con = 2 jinlimij%; (3.24)
nljm> 0

which is exactly the spherical shell model nucleon densityfhe consistency with the pro-
jected Nilsson states is then complete.

Thus, although the projected spherical state carries the c¢lear deformation through the
projected core states, the rotational symmetry, reclaimed ltge the projected spherical oper-
ation, prevails in what the nuclear density function is comened

However it is desirable to induce a deformation dependencetbé particles distribution.
Inspired by the fact that the deformation dependence of the ean eld is obtained by
averaging the particle-core Hamiltonian on the quadrupoledson coherent state (3.6), we

extend the procedure to the nucleon density (3.23) with theesults:

o X 2 .
h g% o = g N M (d)i *: (3.25)

nljIM

Similarly, the wave function associated to the deformed e particle mean eld might be
viewed as the overlap of the projected spherical state witthé core's coherent state:

X .
hgi W (@di=N'Fj@inliM i (3.26)
J

where
Fiw (d) = Cly) Cliom (Ng) 2 (3.27)
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At this point it is worth comparing the deformation e ect provided by (3.25) with that
calculated with the unprojected Nilsson states:
Nilss _ X .. L2 X . . . -0 .
= N o= C () Cpo( ) jNIj ihNIj = j: (3.28)
N N” o

Although the deformation is accounted for in di erent mannes by the two approaches, one
expects however some similarities.

A direct connection between thek-pole transition densities de ned by the projected
spherical single particle and the spherical shell model ks can be obtained by using the
second guantization form of a one body operator, which is artgor of rankk and projection

m with respect to the rotation transformations [55]:

r r

X 2 A om0 2
fkm = 2 +1h |Iq'\|j| Jfkmj LOI'%]O' m(ﬁM Coomo
_ X 2 | . .. |0 . |0k|
= il ool Ciam G € arawo
2 LA
= ! it A9 a9 (3.29)
I; 90
For the sake of simplicity we have used the abbreviations ambtations:
jIM 0= i =(nlj); F:p2| +1;
[
AE;(I : OI% = § Cy| Cyy o km; C\u =( 1)' MC|; M - (3.30)

The upper index "ps" accompanying the density matrix indicge that it is associated to
the "projected spherical” single particle basis. Changinthe single particle basis to that of
spherical shell model and following the same procedure oneds:
X
Tiem = Mlj jiTijind3 3 4™ (nlj ;n399; with
N
g9 = 5 g

Connection of the reduced matrix elements in the two bases,ggected spherical and spherical

Chagyo o : (3.32)

shell model, was established in Ref.[39]:

h LT hage = £ (@Ml jiTyjind99;
NG

X
N/ NGO Cll Cloa oW (jkal &jA) (NS) 2: (3.32)
J

14



Using this equation and the linear independence of the nucted¢ransition densities for dif-

ferent pairs of shell model states one obtains:
Ml ;nd99 = (\(‘oflj' k(d) A (nljl ;n3999: (3.33)
I;1 ©

Taking into account the explicit expression of the norm&lj' and the analytical form of the
Racah coe cient with one vanishing index, it can be proved that for k = 0 the factor f is
equal to unity:

j| o(d) = oo (3.34)

Consequently, we have:

X 2 .
Aor(nlj ;nlj) = ST+ 1 ~s(ljl s nljl): (3.35)
|

Going back to the de nition of ~in the two basis, (3.30) and (3.31), by a direct and simple
calculation one nds that Eqs. (3.35) and (2.24) are idental.

IV. DEFORMED SINGLE-PARTICLE AND COLLECTIVE MOTIONS

To study the particle-core interaction of the whole nucleusne has to consider separate
cores and single-particle orbits for protons and neutronsTo this purpose, the CSM has
been extended [21, 22, 42] by assuming that the collectivecéations of the proton and
neutron systems are independent and therefore described diigtinct boson operators,k)
and b . The extended version is conventionally called the geneimdd coherent state model
(GCSM). In the framework of GCSM the phenomenological core described by a coherent

state of the form (3.6) with the inclusion of the isospin deges of freedom:

SeSM = gt (o tno) gfh(tho o), (4.1)

where one considered di erent deformations for the protonnal neutron systemsgd, and dy.
The ground band state is de ned as in CSM, through the angulamomentum projection of

the above coherent state. The norm of the projected state
Sw (i do) = Ny (dh; di)Piio g (4.2)

and the corresponding matrix elements of the boson invarincan also be expressed in

terms of the overlap integrals (3.16), if one replaces "d" wi " " de ned by
2= di+ df: (4.3)
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Similarly, if one considers for the description of the phemaenological collective core a

guadrupole harmonic boson Hamiltonian,

X
Hoe =!y B b ; (4.4)

core

then the ground band energies are also functions of the gldl@#eformation parameter

alone,

Es() = hiy (dn;dp)ch(?)(r:eSMj I (dn; dp)i
|(1)( 2)
2l .
&)

Although the projected wave function depends on two indepeerdt deformation parameters,

=1y (45)

d, and d,, the ground band energy depends only on Using this expression for the energy
of the rst two excited states, one can easily nd for any nucleus by tting the calculated

ratio

R, = E# () Eo()
© E2() Eo()
to the corresponding experimental value. Even if the groundand energies depend only

(4.6)

on , this is not a suitable deformation variable since there arebservables, which depend
explicitly on both d, and d,. If one considersd = d, = d, then the single-particle and
collective features of the nuclear structure can be desceith through a single isospin inde-
pendent deformation parameted and a unique canonical transformation constarit. can
be extracted from experiment, as explained above, and thehrbugh the relation = P 2d,
one getsd, while k can be xed by using Eq. (3.21) for a known nuclear deformatio .
Of course this is an oversimpli ed case because in generaktbeformation features of the
proton and neutron subsystems are di erent even if not very och. In order to determine
the isospin di erentiated deformation parametersd, and d, one must t besides the ratio
(4.6) another observable which must be isospin dependentucd a quantity is B (E2) tran-
sition probability which is dominantly determined by the proton degrees of freedom. The

E 2 transition operator is given as [43]:

z
T, = %RZ . (4.7)

where , isthe proton quadrupole shape variable de ned in terms of pton boson operators

as in Eq.(3.3). The reduced matrix element of , between the GCSM projected ground
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states is expressed as [22]

" #

1 N 2941 Njo ?
g . .. oog . T 1% _J J

NSO plf 5odnich)l = 5-Coos o 1* 5557 N,

(4.8)

In the Bohr-Mottelson parametrization [38], the rotationd invariance of the nuclear potential
P
leads to > » = 2. Such that the E2 transition probability betweenJ =0 and J =2

ground states can be written as

B(E2;0° ! 2°) = jh 3(dn;dp)iiT2 i 3(ch;dp)ij?
2
= 43 eZ%R* 2 (4.9)

Using Eq.(4.8) in the above equation one obtains [43]:

p_
- ;k_p s_2+ ém_z ; (4.10)
which relates the nuclear deformation with the global deformation parameter and the
proton canonical transformation constantk,. The global deformation parameter being
xed by tting the experimental value of Ry4-, and with nuclear deformation taken from
nuclear data tables, the above expression becomes a deteing equation fork,. Making
use of Eq.(4.3) and Eq.(3.21) alternatively for protons andheutrons, one determines the
complete set of parametersl,, d,, k, and k, which are needed for a consistent description

of the collective and single-particle degrees of freedom.

V. NUMERICAL APPLICATION AND DISCUSSIONS

For a complete understanding of the formalism based on thelsgrical projected single-
particle basis, it would be useful to determine the domain ofalues for the deformation
parametersd; d, and d, as well as of the corresponding canonical transformationresiants
k; k, and k,. We chose to make such a systematics for isotopic chains ofdiuwen and heavy
nuclei whose occupied single-particle states cowr= 4 and N = 5 proton shells but not I
them completely. Thus, one performed calculations for theatopic chains of Ge, Se, Zr, Mo,
Cd, Te, Sm, Gd, Dy, Er, Hf, Os, Pt, Th and U. In order to obtain the parameters describing
each nucleus, one rst determines its global parameter by tting the experimental value

of the ratio R4, with the theoretical expression (4.6). Before doing this faall considered
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isotopes, it is instructive to investigate the behavior oftie theoretical ratio R4, as function
of the global deformation parameter de ned by Eq.(4.6). Using the asymptotic [44] and
vibrational limits [45] of the overlap integrals (3.16), oe can easily check that for ! 1
one haveR,-, = 3:33 which is exactly the value provided by the axially symmeit rotor
model, while for ! 0 one obtain the spherical vibrator valueR,-, = 2. What happens
between these two limiting cases can be seen in Fig.5, whehne expression (4.6) oR4-; is
plotted as function of . From there one notices that the function (4.6) acquires exevalues
smaller than two. Moreover, it exhibits a minimum value of 854 reached at = 0:930, such
that there exists an interval where for two distincts the ratio takes a common value. The
ambiguity of R4-, is removed by restricting our considerations to the values 0:930 where
the function has a bijective character. Another fact which isvorth to be mentioned, is that
starting from relatively small values of ( 3:6) the ratio R4=, approaches asymptotically
the rotational value R4, = 3:33. These ndings allow us to de ne the domain of accepted

values for the global deformation parameter, to be 0930< < 5.

3.4
3.2
3.0
2.8
2.6
2.4
2.2
2.0
1.80 ‘ ‘ ‘ ‘

EsE)

-
N
w
N
o1

FIG. 5: The theoretical ratio R4, given by Eq.(4.6) as function of the global deformation paraneter

. The mentioned ratio reaches the absolute minimum at = 0:930. The minimum value is 1.954.
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Note that the global deformation parameter can be xed in the @&y described above only
for nuclei which have the rst two collective excited statesmeasured. After xing it one
can further get an isospin independent deformation paramatd = :p 2 which describes
the single-particle aspects of the corresponding nucleudsing this value in equation (3.21)
together with a tabulated nuclear deformation [46] one obtas the canonical transformation
constantk valid for both proton and neutron single-particle degreesfdreedom. In order to
obtain isospin di erentiated deformation parametersd, and d, with corresponding scaling
constantsk, and k,, one rst make use of the Eq.(4.10) where one plugs the valué¢ o
obtained earlier as well as the nuclear deformation takenoim Ref. [46] to obtaink,. The
rest of parameters are easily obtained by considering thelagon (3.21) for protons and
neutrons taking also into account the relation (4.3) betweethe deformation parameters.
All of these quantities are listed in Tables I-XV for each condered isotopic chain where one
also presented the nuclear deformation taken from [46] anlkd experimental value of the ratio
R4=>. The calculated values for the deformation parameted are in agreement with those
obtained for some selected nuclei in Refs.[48{50] where theeme parameter was determined
by tting all experimentally available collective states ncluding and vibrational states
with a more complex quadrupole boson Hamiltonian.

Although the calculations are straightforward for most of tle considered nuclei, there are
also some special situations where a roundabout method isju&red to obtain consistent
results. As can be seen from the Tables I-XV, the nuclei around el closure always
exhibit a ratio R4, smaller than two and sometimes even smaller than the theoredl
minimum value predicted by Eq.(4.6), i.e. 1.954. In these sas one cannot determine
the global parameter and consequently any other quantity of interest. However, isome
cases even iR, < 1:954 but not much smaller, one can still consider the value= 0:930
corresponding to the minimum of Eq.(4.6). This approximatn was made for nuclei with
1.7 < R 4= < 1:954 which are indicated in the captions of the Tables IV-XI and XI. Another
di culty arises when computing the deformation parametersand canonical transformation
constants for vanishing or very small values of the nuclearetbrmation . Indeed, the
calculation algorithm explained above cannot be applied inase of vanishing , while for
very small values of the results for the canonical constants are much exaggerdtéeo be
taken into account. In order to avoid this problem and therewth to obtain a description of

these nuclei, one uses di erent values for the nuclear defieation found by interpolating
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FIG. 6: Linear ts with vanishing intercept of the tabulated nuclear deformation as function of
the global deformation parameter obtained by reproducing the experimental value of theR,-
ratio, by means of Eq.(4.6), are presented for the lightest $otopic chains. The data points with

= 0 or very small are excluded from the t.

the linear t of the remaining (; ) data points for a certain isotopic chain. In Tables
I-XV the interpolated values are replacing those taken form &.[46] and the corresponding
nuclei are indicated in captions or are simply given in a sepe column for isotopic chains
with more such cases. The linear ts used for interpolationra shown in Figs.6 and 7 for
the lighter and heavier isotopic chains respectively, wherthe equation of the tting line is
indicated for each one of them. It must be mentioned that dueotthe relation between and
d the linear ts are restricted to have a vanishing intercept.The same ts are also used for
interpolating values of for nuclei where it cannot be determined?(°U) or where the value
obtained in the usual way provides results con icting the ration (4.3) (“°Se). The sign of
the nuclear deformation is carried towards the deformation parameterd;d, and d,, but
in the case of the vanishing one choose by default the positive values for the deformatio
parametersd; d, and d,.

The slope of the ts can be viewed as an average value of tkeover the chosen isotopic
chain. As a matter of fact this result is consistent with the lmear dependence (3.10) a=k

on the nuclear deformation given the fact that = P 2d.

20



4 _ 4 p 4 >
S m .}‘/;; G d //.;, Dy /.,,0,.:
2 A 2 //;’: ° 2 //,/.- ‘
- 0 - - - 0 - ~ - 0 ///
2 el -2 ~ 2 .
= r= 10.8623b A r= 11.6633b 4 r= 11.8583b
. P
-04 -0.2 0.0 0.2 0.4 -04 -0.2 0.0 0.2 04 -04 -0.2 0.0 0.2 04
b b b
4 . 4 4 e
Er A Hf W Os e
2 ;. 2 ° ° 2 ..o x)
/ / 7
~ 0 - - 0 /// - 0 ///
/
2 /// -2 /// 2 P
4 r= 12.5746b e r= 12.2841b 4 r= 12.2075b
et . . . _~ . . . e . . .
-04 -0.2 0.0 0.2 0.4 -04 -0.2 0.0 0.2 0.4 -04 -0.2 0.0 0.2 0.4
b b b
4 4 4
Pt Th U
2 e ® 2 2
- 0 rd - 0 - 0
2f e 2 -2
A4 r= 10.3878b 4 r= 16.7441b 4 r= 17.8745b
-04 -0.2 0.0 0.2 0.4 -04 -0.2 0.0 0.2 0.4 -04 -0.2 0.0 0.2 0.4
b b b

FIG. 7: Linear ts with vanishing intercept of the tabulated nuclear deformation as function of
the global deformation parameter obtained by reproducing the experimental value of theR -,
ratio, by means of Eq.(4.6), are presented for the heavier @opic chains. The data points with

=0 or very small and with R, > 3:33 (?*°U) are excluded from the t.

Knowing the deformationd for a nucleus, one can investigate its shape by calculating
the total nucleon density as function of the stretched radlacoordinate r®and the azimuthal
angle . Note that due to the assumed axial symmetry of the nucleus, ¢hnucleon density is
independent of the polar anglé . For illustration, one considers two isotopes of Gd which
are sizeably distinguished by the values of both the nucledeformation and the isospin
independent deformation parameted. The chosen isotopes ar€°Gd with = 0:161 and
d = 0:971, and®Gd with = 0:271 andd = 2:232, the deformation parameters being
those from Table VIII.

Keeping in mind our declared aim of comparing the sphericakr@ected single-particle
basis with the projected Nilsson states, the total nuclear deity in the spherical shell model

is the common feature of the two projected spherical baseshi$ quantity is plotted in Fig.8
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FIG. 8: Total nuclear density given by Eq.(3.24) is represetted as function of x = r%in and
z = rO%os in units of  in 3D plots (up) and contour plots (down) for 5°Gd (left) and 1%6Gd
(right). In both cases the densities corresponding to two aghcent curves di er from each other by

0.21 32,

for the two nuclei 1°°Gd and '°¢Gd. In order to fully represent an axial section of the nuclei
the domain for was extended from [P ] to [0;2 ].
Since the density in the spherical shell model does not depgleon deformation, being

rotationally symmetric, the graphs shown in Fig.8 for the tw nuclei are almost identical. The
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FIG. 9: Total nuclear density projected on the quadrupole bason coherent state de ned by Eq.(3.24)
and normalized to its maximum value is represented as functin of x = r%in and z = r%os in
3D plots (up) and contour plots (down) for 1°9Gd (left) and 1°6Gd (right). Contur plots are made

with a step of 0.062/ max -

only di erence is caused by the additional occupied singlearticle states, whose contribution
stays in the outer layers of the nucleu$®®Gd, aroundr®=1:5 2:5.

In Fig.9 one depicted the projected total nuclear density gen by Eqg. (2.25) normalized
to its maximum value for the two considered Gd isotopes as fations of the same variables
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TABLE I: Numerical values of ;d; k;d ,; Kp; dn and k, obtained for the isotopic chain of Ge¢ = 32).
The nuclear deformation taken from [46] and the experimental value ofR,-, taken from [47], are

also listed. For nuclei with R4, < 1:7 the calculations were not possible.

Nucleus N R 4= d k dp Kp dn Kn

64Ge 32 0.219 2.276 1.794 1.269 8.6855 1.228 8.4070 1.308 &.955
6Ge 34 0.229 2.271 1.788 1.264 8.2965 1.222 8.0168 1.306 &.567
8Ge 36 -0.275 2.233 -1.742 -1.232 5.7072 -1.409 6.5295 -1.0247444
Ge 38 -0.241 2.071 -1.497 -1.059 5.6803 -1.234 6.6225 -0.8475468
2Ge 40 -0.224 2.072 -1.498 -1.059 6.1597 -1.226 7.1284 -0.86L0070
“Ge 42 -0.224 2.457 -1.979 -1.399 8.1376 -1.543 8.9706 -1.2402089
Ge 44 0.143 2.505 2.025 1.432 14.7473 1.394 14.3528 1.4691315.
®Ge 46 0.153 2.535 2.053 1.452 14.0091 1.408 13.5871 1.49441B%.
80Ge 48 0.144 2.644 2.153 1.522 155746 1.476 15.0968 1.56803B4.
82Ge 50 0.053 1.505

84Ge 52 0.142 2.676 2.183 1.544 16.0059 1.496 15.5121 1.5904816.
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TABLE II: The same as in Table | but for the isotopic chain of Se(Z = 34). Here for nucleus "?Se,
the experimental ratio R4, is hot much smaller than the minimum theoretical value 1.954and one
can adopt the corresponding minimum value. However, the yilled value = 0:930 would further
produced, > , which contradicts Eq.(4.3). Due to this reason for this nudeus one takes that

which corresponds to the tabulated value and lies on the line obtained by tting the rest of the

points for this isotopic chain (Fig.6).

Nucleus N R 4= d k dp Kp dn Kn

8Se 34 0.240 2.275 1.792 1.267 7.9526 1.221 7.6640 1.311 8.231
0Se 36 -0.307 2.158 -1.643 -1.162 4.7521 -1.363 5.5755 -0.9B77523
?Se 38 -0.283 1.899 -2.346 -1.659 7.4420 -1.859 8.3412 -1.4814180
“Se 40 -0.250 2.148 -1.628 -1.151 5.9319 -1.319 6.7973 -0.9349164
6Se 42 -0.241 2.380 -1.904 -1.346 7.2246 -1.500 8.0505 -1.1B2911
8Se 44 0.143 2.449 1971 1.394 14.3541 1.359 13.9999 1.4276998.
80Se 46 0.153 2.554 2.070 1.464 14.1251 1.419 13.6921 1.5054%52.
825e 48 0.154 2.650 2.159 1.527 14.6404 1.476 14.1538 1.57@113.
84Se 50 0.053 1.459

85e 52 0.125 2.227 1.735 1.227 14.3883 1.221 14.3163 1.2331599.
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TABLE Ill: Same as in Table | but for the isotopic chain of Zr( Z = 40). For few nuclei, 828486:88z
the nuclear deformation is too small to provide acceptable results. For these nucledsne considered
the nuclear deformation it corresponding to the linear t from Fig.6 performed for the rest of

the data points.

80zr 40 0.433 2.858 2.365 1.672 6.0102 1.529 5.4944 1.804 @485
827r 42 0.053 0.299 2.557 2.073 1.466 7.4710 1.377 7.0158 1.550001
84Zr 44 0.053 0.269 2.339 1.862 1.317 7.4162 1.255 7.0705 1.37B465
8Zr 46 0.053 0.249 2.217 1.723 1.218 7.3838 1.179 7.1454 1.756149

87zr 48 0.053 0.200 2.024 1.386 0.980 7.3165 1.015 7.5793 0.94@439

%0zr 50 0.053 1.407
927y 52 0.053 1.600
947r 54 0.062 1.600
%zr 56 0.217 1.571
%zr 58 0.330 1.674
1007y 60 0.358 2.656 2.165 1.531 6.5834 1.420 6.1046 1.635 76029
1027y 62 0.369 3.151 2.819 1.993 8.3309 1.833 7.6590 2.142 8952
1047r 64 0.381 3.246 3.197 2.261 9.1672 2.072 8.4032 2.434 @872
1067r 66 0.373 3.133 2.774 1.962 8.1150 1.803 7.4574 2.109 723
1087y 68 0.365 3.003 2.542 1.797 7.5899 1.656 6.9933 1.928 &142
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TABLE IV: Same as in Table | but for the isotopic chain of Mo(Z = 42). For few nuclei,
84,86:88,90.94.96\10, the nuclear deformation is too small to provide acceptable results. For these
nuclei one considered the nuclear deformation 't corresponding to the linear t from Fig.6 per-
formed for the rest of the data points. The experimental ratio R4, for °**Mo and °®Mo is not much
smaller than the minimum theoretical value 1.954 such that me adopted for them the corresponding

minimum value = 0:930.

Nucleus N it Ry d k dp  kp d  ky

8Mo 42 0.053 0.299 2.517 2.036 1.440 7.3377 1.354 6.8990 1.5271516
%Mo 44 0.053 0.274 2.343 1.866 1.319 7.3037 1.256 6.9547 1.386368
8Mo 46 0.053 0.256 2.235 1.745 1.234 7.2841 1.190 7.0242 1.7756350
Mo 48 0.053 0.231 2.112 1.571 1.111 7.2296 1.100 7.1572 1.122013
Mo 50 0.035 1.512

%Mo 52 0.053 0.137 1.807 0.930 0.658 7.0587 0.864 9.2779 0.318839

%Mo 54 0.080 0.226 2.092 1.536 1.086 7.2171 1.083 7.1940 1.00R402

%Mo 56 0.180 1.918 0.930 0.658 5.4296 0.855 7.0615 0.365 B015
100Mo 58 0.244 2.121 1.587 1.122 6.9332 1.105 6.8281 1.139 7036
102Mo 60 0.329 2.507 2.027 1.433 6.6748 1.341 6.2442 1.520 7079
104Mo 62 0.349 2.917 2.431 1.719 7.5718 1.590 7.0017 1.839 &102
106Mo 64 0.361 3.045 2.605 1.842 7.8593 1.698 7.2427 1.976 @430
8Mo 66 0.333 2.924 2439 1.725 7.9405 1.599 7.3616 1.842 8480
110M0 68 0.335 2.805 2.309 1.633 7.4749 1.516 6.9389 1.742 TM975
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TABLE V: The same as in Table | but for the isotopic chain of Cd(Z = 48). For few nuclei,
100.102104:124126,128C(  the nuclear deformation is zero or too small to provide acceptable results.
For these nuclei one considered the nuclear deformationf® corresponding to the linear t from
Fig.6 performed for the rest of the data points. The experimatal ratio R,-, for 1°°Cd is not much
smaller than the minimum theoretical value 1.954 such that me adopted for it the corresponding
minimum value = 0:930. For two isotopes®8130Cd the algorithm of this paper fails since the

ratio Ry-, is too small.

Nucleus N it R, d k dp Kp dn kn

%®cd 50 0.027 1.493
100cd 52 0.035 0.086 1.792 0.930 0.658 11.0931 0.876 14.7800 12.35.2597
102cd 54 0.053 0.144 2.109 1567 1.108 11.3355 1.120 11.4593 961.01.2104

04cd 56 0.089 0.164 2.268 1.784 1.261 11.3877 1.238 11.1726 851.21.5989

106cd 58 0.126 2.361 1.885 1.333 15.5122 1.311 15.2606 1.354759R
8cd 60 0.135 2.383 1.907 1.348 14.6811 1.322 14.3920 1.3749646
10cd 62 0.144 2.345 1.868 1.321 13.5129 1.295 13.2458 1.346774B
12cd 64 0.144 2292 1.812 1.281 13.1078 1.261 12.8966 1.30231EX.
14cd 66 0.163 2.299 1.819 1.286 11.6795 1.259 11.4316 1.31392p4
16cd 68 -0.241 2.375 -1.899 -1.343 7.2056 -1.497 8.0316 -1.1682718
18cd 70 -0.241 2.388 -1.912 -1.352 7.2549 -1.506 8.0809 -1.1783219
120cd 72 0.135 2.379 1.903 1.346 14.6503 1.319 14.3649 1.371930D2
22cd 74 0.108 2.334 1.857 1.313 17.7443 1.300 17.5690 1.326917A

124cd 76 0.000 0.163 2.260 1.775 1.255 11.3970 1.233 11.1926 771.21.5979
126cd 78 0.000 0.162 2.250 1.763 1.247 11.3871 1.226 11.1968 671.21.5742
1282Ccd 80 0.000 0.158 2.215 1.721 1.217 11.3860 1.202 11.2499 311.21.5206

130cd 82 0.000 1.407
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TABLE VI: The same as in Table | but for the isotopic chain of Te(Z = 52). For few nuclei,
128 138Te, the nuclear deformation is zero such that for these nuclei one considered the nuclear
deformation ' corresponding to the linear t from Fig.6 performed for the rest of the data
points. The experimental ratio R,—, for 13°Te and 12Te is not much smaller than the theoretical
minimum value 1.954 hence one adopted for them the correspding minimum value = 0:930.

The horizontal line after **Te indicates the change of neutron shell model parameters and

Nucleus N fit Ry, d k dp Kp dn kn
06Te 54 0.099 2.035 1.416 1.001 14.7246 1.056 15.5232 0.94488[R
108Te 56 0.134 2.062 1.477 1.044 11.4526 1.076 11.7988 1.01209HI
110Te 58 0.152 2133 1.605 1.135 11.0214 1.139 11.0564 1.13198BR
12Te 60 0.161 2.142 1.620 1.146 10.5259 1.144 10.5141 1.147530%
U4Te 62 0.161 2.094 1539 1.088 9.9996 1.101 10.1129 1.076 4®88
16Te 64 0.180 2.002 1.319 0.933 7.7006 0.990 8.1731 0.872 2197
18Te 66 -0.147 1.992 -1.279 -0.904 8.2657 -1.076 9.8359 -0.693.3166
120Te 68 -0.156 2.073 -1.499 -1.060 9.0970 -1.193 10.2405 -D.907.7873
12Te 70 -0.139 2.094 -1.540 -1.089 10.5574 -1.209 11.7191 58.9 9.2510
124Te 72 -0.113 2.072 -1.497 -1.059 12.7470 -1.173 14.1240 30.911.2020
126Te 74 -0.105 2.043 -1.435 -1.015 13.1885 -1.136 14.7652 70.811.3958

128Te 76 0.000 0.133 2.014 1.358 0.960 10.6064 1.019 11.2544 98.89.9161
10Te 78 0.000 0.091 1.945 0.930 0.658 10.4980 0.875 13.9679 19.35.0315
132Te 80 0.000 0.091 1.716 0.930 0.658 10.4980 0.875 13.9679 19.35.0315
134Te 82 0.000 1.232

136Te 84 0.000 1.698

138Te 86 0.100 0.140 2.040 1.428 1.010 10.6144 1.050 11.038068.90.1731
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TABLE VII: The same as in Table | but for the isotopic chain of Sm(Z = 62). For #?Sm and
1465m the nuclear deformation is zero such that for these nuclei one considered and listeche
nuclear deformation corresponding to the linear t from Fig.7 performed for the rest of the data
points. The experimental ratio R4, for 146Sm is not much smaller than the minimum theoretical
value 1.954 hence one adopted for it the corresponding miniom value = 0:930. The horizontal

line indicates the change of neutron shell model parameters and

Nucleus N R 4-> d k dy Kp dn Kn

132Sm 70 0.323 3.183 2913 2.060 9.7604 1.907 9.0383 2.202 P7.43
134sm 72 0.312 2.939 2457 1737 85062 1.616 7.9137 1.850 9060
16Sm 74 0.237 2.692 2.199 1555 9.8760 1.474 9.3591 1.632 ¥236
138Sm 76 0.190 2571 2.086 1.475 11.5647 1.416 11.1056 1.5310062
140Sm 78 -0.148 2.348 -1.871 -1.323 12.0053 -1.422 12.9062 14.211.0310
425m 80 0.171 2.332 1.855 1.312 11.3755 1.278 12.9062 1.34465BL

44sSm 82 0.000 1.320

146S5m 84 0.086 1.849 0.930 0.658 11.0931 0.876 14.7800 0.312 5%.2
48Ssm 86 0.161 2.145 1.624 1.148 10.5519 1.146 10.5344 1.15065683.
105m 88 0.206 2.316 1.837 1.299 9.4276 1.257 9.1235 1.340 @722
1529m 90 0.243 3.009 2551 1.804 11.1882 1.699 10.5408 1.903B0DL
14gm 92 0.270 3.255 3.261 2.306 12.9428 2.155 12.0937 2.4487385.
16Sm 94 0.279 3.290 3.666 2.592 14.1057 2.417 13.1502 2.7570005.
18gm 96 0.279 3.301 3.880 2.744 14.9291 2.557 13.9155 2.918782

10Sm 98 0.290 3.291 3.668 2.594 13.6067 2.413 12.6583 2.76349B2
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TABLE VIII: The same as in Table | but for the isotopic chain of Gd(Z = 64). For **Gd and
148Gd the nuclear deformation is zero such that for these nuclei one considered and listeché
nuclear deformation corresponding to the linear t from Fig.7 performed for the rest of the data
points. The experimental ratio R4-, for 1#8Gd is not much smaller than the minimum theoretical
value 1.954 hence one adopted the corresponding minimum we = 0:930. The horizontal line

indicates the change of neutron shell model parameters and

Nucleus N R 4= d k dp Kp dn Kn

138Gd 74 0.256 2.741 2.245 1587 9.3712 1.497 8.8379 1.673 @875
49Gd 76 0.210 2.545 2.062 1.458 10.3901 1.395 9.9397 1.519 21®@8
142Gd 78 -0.156 2.346 -1.869 -1.322 11.3424 -1.425 12.2327 09.210.3760
144Gd 80 0.160 2.348 1.871 1.323 12.2297 1.291 11.9382 1.3545112

146Gd 82 0.000 1.324

148Gd 84 0.080 1.806 0.930 0.658 11.9051 0.878 15.8885 0.308 6%B5
1%0Gd 86 0.161 2.019 1.373 0.971 89210 1.019 9.3600 0.921 8459
152Gd 88 0.207 2.194 1.693 1.197 8.6486 1.173 8.4714 1.221 822
1%4Gd 90 0.243 3.015 2559 1.809 11.2232 1.705 10.5732 1.9098376
1%Gd 92 0.271 3.239 3.157 2.232 12.4863 2.086 11.6672 2.370254B
18Gd 94 0.271 3.288 3.629 2.566 14.3531 2.396 13.4022 2.72624YH
160Gd 96 0.280 3.302 3.913 2.767 15.0052 2.578 13.9834 2.94396!1B
162Gd 100 0.291 3.302 3.901 2.758 14.4240 2.565 13.4136 2.939B6H

164Gd 102 0.301 3.300 3.863 2.732 13.8348 2.536 12.8420 2.91476D9
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TABLE IX: The same as in Table | but for the isotopic chain of Dy (Z = 66). For 146Dy and 1°°Dy

the nuclear deformation

is zero such that for these nuclei one considered and listeché nuclear

deformation corresponding to the linear t from Fig.7, performed for the rest of the data points.

Also, the experimental ratio Ry-, for **°Dy is not much smaller than the minimum theoretical

value 1.954, hence for it one adopted the corresponding mimum value

line indicates the change of neutron shell model parameters and

=0:930. The horizontal

Nucleus N R 4= d k dp Kp dn Kn
“py 74 0.267 2.800 2.304 1.629 9.2417 1.532 8.6879 1.721 764
Y2py 76 0.219 2.529 2.047 1.447 9.9104 1.383 9.4665 1.510 1%B33
44py 78 -0.164 2.365 -1.889 -1.336 10.8707 -1.443 11.7468 19.2 9.9175
146py 80 0.158 2.355 1.878 1.328 12.4247 1.296 12.1296 1.3597121
148Dy 82 0.000 1.447

0py 84 0.078 1.813 0.930 0.658 12.2035 0.878 16.2959 0.306 8FL6
12Dy 86 0.153 2.055 1.461 1.033 9.9694 1.063 10.2564 1.002 4067
%4py 88 0.207 2.234 1.743 1.232 8.9040 1.201 8.6786 1.263 D123
%6py 90 0.235 2.934 2451 1.733 11.0968 1.637 10.4816 1.8246795
18py 92 0.262 3.206 3.000 2.121 12.2509 1.986 11.4723 2.2489879
10py 94 0.272 3.270 3.400 2.404 13.4006 2.245 12.5137 2.553232D
2Dy 96 0.281 3.294 3.723 2.633 14.2286 2.453 13.2589 2.80013&
64Dy 98 0.292 3.301 3.872 2.809 14.6390 2.611 13.6104 2.99360(M
166Dy 100 0.293 3.310 4.173 2.951 15.3302 2.743 14.2488 3.145341
1%8py 102 0.304 3.313 4.278 3.025 15.1782 2.806 14.0782 3.229208B
py 104 0.295 3.264 3.338 2.360 12.1841 2.195 11.3287 2.51598833
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TABLE X: The same as in Table | but for the isotopic chain of Er(Z = 68). For °2Er the nuclear

deformation

is to small to provide acceptable results such that one condiered and listed for this

nucleus the nuclear deformation corresponding to the linea t from Fig.7 performed for the rest

of the data points. Also the experimental ratio R4-, for the same nucleus is not much smaller than

the minimum theoretical value 1.954 hence for it one adoptedhe corresponding minimum value

=0:930. The horizontal line indicates the change of neutron sHemodel parameters and

Nucleus N R 4= d k dp Kp dn Kn
48gr 80 -0.156 2.357 -1.881 -1.330 11.4153 -1.433 12.3026 18&.210.4529
150y 82 -0.008 1.453

152gr 84 -0.074 1.832 -0.930 -0.658 12.2625 -0.921 17.1767 26.1 2.3870
14Er 86 0.143 2.072 1.499 1.060 10.9167 1.085 11.1715 1.03563%B
16y 88 0.189 2.314 1.836 1.298 10.2302 1.261 9.9394 1.334 1285
158Er 90 0.216 2.744 2.248 1.590 11.0274 1.512 10.4879 1.66454M17
160gr 92 0.253 3.099 2.702 1.911 11.4056 1.795 10.7129 2.0200386
162Er 94 0.272 3.230 3.107 2.197 12.2457 2.053 11.4415 2.33200%
164y 96 0.273 3.277 3.471 2.454 13.6330 2.291 12.7270 2.6074828
166Er 98 0.283 3.289 3.636 2.571 13.8032 2.395 12.8586 2.7366872
168Er 100 0.294 3.309 4.131 2.921 15.1271 2.715 14.0577 3.1141268
70Er 102 0.296 3.310 4.153 2.937 15.1106 2.728 14.0369 3.131118®
12Er 104 0.287 3.312 4.228 2.990 15.8390 2.782 14.7381 3.1848682
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TABLE XI: The same as in Table | but for the isotopic chain of Hf (Z = 72). For °°Hf the nuclear
deformation is to small to provide acceptable results such that one condered and listed for this
nucleus the nuclear deformation corresponding to the linea t from Fig.7 performed for the rest
of the data points. Also the experimental ratio R4-, for the same nucleus is not much smaller than
the minimum theoretical value 1.954 hence for it one adoptedhe corresponding minimum value

=0:930.

Nucleus N R 4= d k dy Kp dn Kn

16Hf 84 0.076 1.849 0.930 0.658 12.5176 0.879 16.7247 0.305 0Z38
18Hf 86 0.107 2.169 1.659 1.173 15.9962 1.182 16.1212 1.16487R
160Hf 88 0.152 2.306 1.827 1.292 12.5458 1.267 12.3059 1.3167813
162H4f 90 0.180 2.560 2.076 1.468 12.1202 1.413 11.6699 1.5215348
184Hf 92 0.208 2.786 2.290 1.619 11.6447 1.542 11.0870 1.693177D
166Hf 94 0.226 2.966 2.491 1.761 11.7043 1.666 11.0727 1.8523036
168Hf 96 0.254 3.110 2.723 1.925 11.4514 1.808 10.7525 2.03611(0
104f 98 0.274 3.194 2.951 2.087 11.5505 1.950 10.7923 2.2152620
1724f 100 0.284 3.248 3.211 2.271 12.1492 2.116 11.3223 2.4159238
74Hf 102 0.285 3.268 3.381 2.391 12.7500 2.227 11.8765 2.544563
16Hf 104 0.277 3.284 3.572 2.526 13.8379 2.356 12.9067 2.68571DP
18Hf 106 0.278 3.291 3.668 2.594 14.1614 2.418 13.2047 2.75805/%
180Hf 108 0.279 3.307 4.039 2.856 15.5409 2.662 14.4843 3.038530H
82Hf 110 0.270 3.295 3.741 2.645 14.8479 2.470 13.8656 2.8097GHH

184Hf 112 0.260 3.264 3.341 2.362 13.7428 2.212 12.8652 2.5045614
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TABLE XII: The same as in Table | but for the isotopic chain of O s(Z = 76). For 620Os the nuclear
deformation is to small to provide acceptable results such that one condered and listed for this
nucleus the nuclear deformation corresponding to the linea t from Fig.7 performed for the rest

of the data points.

1620s 86 0.104 1.990 1.273 0.900 12.6183 0.989 13.8670 0.8012315.
1640s 88 0.107 2.201 1.702 1.203 16.4108 1.207 16.4600 1.20(B615.
1660s 90 0.134 2.363 1.887 1.334 14.6318 1.310 14.3631 1.3583956.
1680s 92 0.162 2.513 2.032 1.437 13.1245 1.391 12.7101 1.48152863.
100s 94 0.171 2.616 2.127 1.504 13.0435 1.449 12.5678 1.55750D5.
120s 96 0.190 2.661 2.170 1.534 12.0303 1.470 11.5276 1.59651P2.
1740s 98 0.226 2.743 2.247 1.589 10.5579 1.508 10.0196 1.66607DD.
1760s 100 0.246 2.927 2.444 1.728 10.5948 1.629 9.9851 1.822171B.
1780s 102 0.247 3.017 2562 1.812 11.0637 1.705 10.4139 1.9156778
¥00s 104 0.238 3.093 2.689 1.901 12.0285 1.792 11.3341 2.00%822
1820s 106 0.239 3.155 2.828 2.000 12.6000 1.883 11.8623 2.11(2963
1840s 108 0.229 3.203 2985 2.111 13.8507 1.990 13.0604 2.22%982
1860s 110 0.220 3.165 2.856 2.019 13.7673 1.909 13.0129 2.124825
1880s 112 0.192 3.083 2.671 1.889 14.6604 1.798 13.9570 1.973316
1900s 114 0.164 2.934 2452 1.734 15.6518 1.664 15.0254 1.8012546
19205 116 0.155 2.376 1.900 1.344 12.8041 1.311 12.4937 1.3751072
1990s 118 0.145 2.750 2.255 1.595 16.2040 1.542 15.6701 1.6457208
19%0s 120 -0.156 2.533 -2.051 -1.450 12.4469 -1.551 13.3137344.11.5151

1980s 122 -0.096 2.307 -1.828 -1.293 18.4353 -1.367 19.493@214. 17.3124
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TABLE XlII: The same as in Table | but for the isotopic chain of Pt(Z = 78). For 2°°Pt and 2°°Pt
the nuclear deformation is to small to provide acceptable results such that for thesenuclei one
considered and listed the nuclear deformation correspondg to the linear t from Fig.7 performed

for the rest of the data points.

168pt 90 -0.096 2.249 -1.761 -1.245 17.7596 -1.324 18.8764 62.116.5677
170pt 92 0.107 2.301 1.822 1.288 17.5679 1.279 17.4395 1.2986953
172pt 94 0.126 2.338 1.861 1.316 15.3147 1.296 15.0878 1.33553%3
74pt 96 0.153 2.262 1.777 1.257 12.1257 1.237 11.9356 1.2763129
176pt 98 0.171 2.137 1.611 1.139 9.8792 1.137 9.8563 1.142 90902
178pt 100 0.254 2.510 2.029 1.435 85328 1.361 8.0953 1.505 &094
180pt 102 0.265 2.681 2.188 1.547 8.8392 1.458 8.3303 1.631 @832
182pt 104 0.255 2.708 2.213 1.565 9.2720 1.477 8.7514 1.648 4076
184pt 106 0.247 2.675 2.182 1.543 9.4227 1.460 8.9140 1.622 %S890
186pt 108 0.239 2560 2.076 1.468 9.2495 1.395 8.7890 1.538 &168
188pt 110 -0.164 2.526 -2.044 -1.445 11.7627 -1.551 12.6240331. 10.8331
190pt 112 -0.156 2.492 -2.012 -1.423 12.2103 -1.524 13.0785314. 11.2753
192pt 114 -0.156 2.479 -2.000 -1.414 12.1374 -1.515 13.0065305. 11.2011
194pt 116 -0.148 2.470 -1.992 -1.409 12.7817 -1.505 13.6591305. 11.8394
196pt 118 -0.139 2.465 -1.987 -1.405 13.6218 -1.497 14.5099307. 12.6716
198pt 120 -0.139 2.419 -1.943 -1.374 13.3202 -1.466 14.2161279. 12.3595
200pt 122 -0.180 2.347 -1.870 -1.322 9.7430 -1.440 10.6067 94.1 8.7949

202pt 124 -0.180 2.344 -1.867 -1.320 9.7274 -1.437 10.5916 91.1 8.7785
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TABLE XIV: The same as in Table | but for the isotopic chain of T h(Z = 90). For few nuclei,

214:218.220Th the nuclear deformation

is too small to provide acceptable results. For these nuclei

one considered the nuclear deformation, f | corresponding to the linear t from Fig.7 performed

for the rest of the data points. The experimental ratio R4, for 218Th is not much smaller than

the minimum theoretical value 1.954 hence one adopted for ithe corresponding minimum value

= 0:930. The horizontal line indicates the change of neutron sHemodel parameters and

Nucleus N fit Ry d k dp  kp dn kn
214Th 124 -0.052 -0.111 2.332 -1.855 -1.312 16.0918 17.0779392. -1.226 15.0411
216Th 126 0.008 1.227

218Th 128 0.008 0.056 1.732 0.930 0.658 16.8913 22.6978 0.8829M. 7.4458
220Th 130 0.030 0.085 2.035 1.416 1.001 17.0840 18.0800 1.06(03®. 16.0263
222Th 132 0.111 2.399 1.923 1.360 17.8927 17.6360 1.340 1.37914%
224Th 134 0.164 2.896 2.407 1.702 15.3645 14.7567 1.635 1.76794%
226Th 136 0.173 3.136 2.782 1.967 16.8710 16.1244 1.880 2.0515860
228Th 138 0.182 3.235 3.130 2.213 18.0814 17.2250 2.108 2.31389%K)
230Th 140 0.198 3.271 3.408 2.410 18.1638 17.2308 2.286 2.52803p
22Th 142 0.207 3.284 3.563 2.519 18.2014 17.2280 2.385 2.64712%8
234Th 144 0.215 3.291 3.669 2594 18.0777 17.0786 2.451 2.7300245

TABLE XV: The same as in Table | but for the isotopic chain of U(Z = 92). For ?%0U the

experimental ratio R4-, exceeds its asymptotic value 3.33, such that for this nuclesione considered

and listed the value of

interpolated by the linear t from Fig.7 for the correspondi ng

Nucleus N R 4= d k dp kp dn Kn
20y 138 0.199 3.274 3.436 2.430 18.2252 17.2844 2.304 2.5491119.
232y 140 0.207 3.291 3.670 2.595 18.7480 17.7435 2.456 2.7277QUSt
234y 142 0.215 3.296 3.762 2.660 18.5360 17.5101 2.513 2.80050ED
236y 144 0.215 3.304 3.958 2.799 19.5017 18.4198 2.643 2.946528H
238y 146 0.215 2.303 3.950 2.793 19.4623 18.3827 2.638 2.94048HD
240y 148 0.229 3.347 4.004 2.831 18.5790 17.4942 2.666 2.987605HB
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as in Fig.8. Such a normalization is necessary in order to leathe same scale for both
nuclei given the fact that the absolute values for the two ndei are di erent due to the
nonorthogonality of the involved projected state (3.26). Nw the di erence between the two
nuclei is conspicuous. Indeed, for the less deformed nuclét’Gd, the density probability
(3.25) is mostly distributed in the center with a small extesion radius, while in the case of
the more deformed nucleu$®®Gd, the same density covers a broader space which does not
have a spherical symmetry, approximately satis ed in the st case. The speci ¢ manner of
inducing the deformation e ect seems to determine a slightdxadecapole deformation due
to squaring the expression (2.26) which already includesdlguadrupole deformation.

In Fig. 10 the nucleon density corresponding to the Nilsson rdel and determined by
Eq.(3.28), is plotted as function ofr®cos and r%in . Comparing it with the density calcu-
lated with projected Nilsson states and given by Eq. (2.25) enmay decelate the nuclear
deformation e ect. Indeed, the two sets of pictures resemblwith each other in many re-
spects the di erences regarding the inner part correspondj to a high density which in the
case of Fig. 10 is more deformed along the axi®€os . Thus, we may say that the deforma-
tion a ects mainly the nuclear core, the outer shells keepmthe spherical symmetry. If you
look carefully to the section of the nucleon density presesd in Fig. 10 one notices a slight
distortion of equidensity levels, in the high density regio, along the axisr%in . The slight
hexadecapole distortion might be caused by the inclusion tife | = 2 matrix elements in
the diagonalization procedure used for determining the agstates. A similar e ect, but in
a more pronounced manner, is seen in the density plotted indzi9 by means of Eq. (2.25).

Studying some contour lines made at very high values of the cleon density for both
nuclei, in Fig.11 it is found that the elongated oval shape ipreserved when the density is
increased, in the case of the less deformed nuclétfd, while for 1°6Gd the presence of the
two peaks shown in the upper right part of Fig. 10 is re ectedn Fig. 11 by a neck which
is more pronounced for higher density. The full separationf the two peaks for very high

density is translated in the contour line plot by two disconected drops.

VI. CONCLUSIONS

Results of the present work can be summarized as follows. Bes the nuclear shell

model parameters, the projected single particle basis ifves another two, namely the de-
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FIG. 10: Total nuclear density in the Nilsson model given by E.(3.28) is represented as function
of x = r%in and z = rOos in units of 2 in 3D plots (up) and contour plots (down) for 5°Gd

(left) and 1%8Gd (right). Contour plots are made wit a step of 0.21 332

formation parameterd and the constantk entering the canonical transformation relating
the quadrupole coordinates with the boson operator. When s@ tuning properties which
are isospin dependent are concerned, the single particlejacted basis for protons and neu-
trons should be di erent and consequently di erent parametrsd and k are to be used. The

isospin dependence of these parameters is underlined byngsili erent notations for them,
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FIG. 11: Contour lines of constant and very high density in the Nilsson model, given by Eq.(3.28),
is represented as function o = r%in and z = ros in units of > for ¥%°Gd (up) and %6Gd

(down).

when they are involved in the equation for protonsd, and ky, and neutrons,d, and kp,
respectively. The algorithm of xing these parameters is deed by several steps: a) By
equating the theoretical result for the ratioR4-, to the experimental value, one obtains a
relation determining the global deformation (= dIO 2) (4.3); b) Insertingd in Eq. (2.21) the
parameterk is readily obtained; c) From the expression of thB (E 2) value associated to the
transition 0" | 2" the parameterk, is obtained; d) Using again Eq.(2.21) corresponding
to the proton system, the deformation parameted, is calculated; e) From Eq. (4.3) we
determined,; f) The equation (2.21) for neutrons nally determinesk,,. This procedure was
applied to 194 isotopes and the resulting parameters aretéd in Tables I-XV.

The ratio R4, represented as function of exhibits a at minimum in the beginning
of the considered interval then a transitional region and ally a plateau reached in the
asymptotic region of the deformation. For isotopes where ¢hexperimental mentioned ratio
is below the calculated minimum as well as for those charadtaed by an experimental values
larger than the rotational limit of 3.33, this algorithm camot be applied. The domain of
where the ratio is unambiguously de ned and employed in sahg the equation determining

is [0.930,5].

The results of for fteen isotopic chains are plotted as function of the nuear deforma-

tion and then the bulk of points interpolated by a straight line. There are few isotopes
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where the nuclear deformation is very close to zero and cogeently equation (2.21) cannot
be used. In these cases the linear interpolation is used totelenine a new deformation
parameter called ™ considered to be the deformation which corresponds to the dun
One aim of this paper consists of making explicit the relatiship between the projected
spherical single particle basis and the basis of Nilsson mbd@&he comparison is made in
terms of the predicted single particle energies and nucledensity. The detailed comparison
supply us with the results: i) If one diagonalizes the Nilssadamiltonian in a spherical shell
model basis with N = 0 and then projecting out the good angular momentum the sphieal
shell model state is obtained. Averaging now the Hamiltonian it the resulting projected
spherical Nilsson' s state one obtains an analytical expréss for energies denoted bymjiISS
(2.9). These energies are compared with those characternithe projected spherical single
particle basis(3.22) in Figs. 3 and 4. As may be seen the two saif energies are almost
identical. ii) The projected spherical single particle bas (2.13) and the projected Nilsson
basis yield identical nucleon density with that associatetb the spherical shell model (see
Fig. 8). This was actually expected due to the common rotati@al symmetries. iii) However
the deformation can be implemented in the game of projecteglserical basis by averaging
the result on the coherent state of the core (2.25). This is peesented as both a 3D and
a contour plot for two isotopes of Gd,**°Gd and '°°Gd. Since the density is obtained by
squaring the modulus of the wave function which includes &ady a quadrupole deformation
a high order like hexadecapole deformation e ect is seen.n8lar plots are performed for the
density provided by Nilsson states (2.28). The e ect of hexatapole deformation is seen in
the 3D plot by the split of the peak seen for high density as wels in the contour plot where
some equidensity curves are stretched on both along th&os and along ther%in axes.
For even inner shells the stretching along thesin  axis is changed to a compressing e ect.
This is shown in Fig. 11 where the contour lines are plotted fovery high density. For the
more deformed isotope, i.e*°Gd, the e ect is more evident, the contour shape resembling
that of a lens grain. Increasing the density the neck is shrirending by the extreme shape of
two disconnected drops. An equation relating th&-pole transition densities de ned by the
spherical shell model and the projected spherical basis pestively, is analytically derived.
In several places it is commented why the particle-core pexted basis can be used as
a single particle basis. Indeed, it was underlined the fachat the role of the core factor

function is to generate the deformation. Thus, the matrix @ments of a particle-like operator
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between two states of the new basis are factorized, one facotarrying the deformation while

the other one being just the matrix element between the cosponding spherical shell model

states.

It is amazing that the projected basis can be used alfor many body calculations

although each particle has its own core. In Ref.[41] we haveoped that the matrix elements

of a two body interaction between two pairs of projected stat are very close to the matrix

elements of the same interaction between two states, eachtioém consisting of two single

particle shell model states and a common core wave functioAs a matter of fact this basis

was used to describe microscopically the scissor like andnspp states [41] as well as for

calculating the transition rate of a double beta decay [514.

Concluding the results of this paper let the projected sphial single particle basis be an

e cient

tool for describing in a uni ed fashion the sphericd and deformed nuclei.
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